Classical Mechanics Solutions

Solution 1

Conservation of energy given by the sum of potential energy due to gravity and kinetic
energy can be used to determine escape velocity. In the case of Earth along the potential
is given by:
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where m is the mass of the book. The book will escape if initial kinetic energy is high
enough to overcome the potential atr = R. . Thus
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In the Earth-Moon case the potential is
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where MM = ME. The potential is a symmetric double-well and in order to leave the
surface of the earth the kinetic energy must be high enough to overcome a saddle point
right in the middle between earth and moon. Thus the condition for escape velocity is
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This equation solved for escape velocity gives vy = 7.7km/s.

Solution 2

Introduce the generalized coordinates as in the figure below.
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The Lagrangian for this system will be given by
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But X, and Y, can be written as follows:
X, =X, +Z, cos()
Y, =7, sin(0)

Substitute Eqs.6 and 7 in Eqs.4 and 5, then replace T’s and V’s in Eq.1, and rename

X, =X, Z,=z for simplicity. The result is given by:

L= %m[x2 127 2% cos(@)]+%M)'(2 —mgsin(d)

The equations of motion are obtained by:
i(%j —% =0, where g=x, z.
dtlog) oq
We get:
mX + mZ cos(8) + MX =0
mZ + mX cos(d) + mg sin(f) =0

From Eq.11 solve for Z, and then substitute in Eq.10
<= mg sin(&) cos(8)
m+M —cos*(0)

Substituting the numerical values for different parameters, we get:
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= Mgy, = constant, since the wedge does not move in the y direction.

(2)
3)
(4)
()

(6)
(7)

(8)

)

(10)
(11)

(12)

(13)

(14)

To find the acceleration of the mass m, derivate Eqs.6 and 7 twice and use the numerical

values from Eq13 and 14
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Solution 3

We use energy conservation for this problem, so that the initial potential energy
E=mg(L/2) becomes kinetic energy of rotation E = lw” /2. The rotation of the pencil
takes place around its tip, thus the moment of inertia is:
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The velocity of the eraser is related to the angular velocity as v=oL. From here we get
v =,/3gL which can be compared with the free fall speed of v, =+/20L.

Solution 4

Referring to the diagram below, we see that in this coordinate frame the vector w has a
component w cos(f) in the up direction and a component wcos(f) in the North direction.
Suppose that the velocity vector relative to the moving coordinate frame is v, = (0,0, 2).
Then assuming z > 0 the vector w x v, points East (along X) and has magnitude wzsin(f),
so the Coriolis force —2mw x v, points West with magnitude 2mw? sin(#).

If we combine this with a gravitational force pointing down (along —z), the equations of
motion become

mi = —2mwzsin(f)
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b) The particle is dropped at rest from a height i above the ground; it arrives
at the ground with velocity vy = v/2gh. Find the magnitude and direction of the
Coriolis deflection.

Because the Coriolis force is so weak compared to the gravitational force [w is 27 /(24-3600) =
7.27-107°), we can safely assume that during the entire flight we can continue to neglect the
Coriolis forces in the ¥ and z directions. First solve the z equation of motion to find

zZ(t) = —gt
and then substitute Z into the x equation to find
& = —2wsin(#)(—gt) = 2wsin(#)gi.

Integrating this over time twice and using the initial conditions &(0) = z(0) = 0, we find

2(0) + 2w Sin(ﬂ)gg
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To find the Coriolis deflection we need to find the time at which the particle hits the ground,
which is (to a good approximation) t; = \/2h/g, just an object falling in constant gravity.
The deflection is therefore towards the East (along %) with magnitude
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c) The particle is now thrown vertically upward with an initial speed v, so that
it reaches the maximum height . [the same h as in part (b)], and then it falls
back to the ground. Find the magnitude and direction of the Coriolis deflection.

This goes exactly as before, except now the vertical velocity is given by
2 =vy — gt,

where vy = /2gh is the velocity required to get the particle to height R if it is thrown
vertically upward. Substituting this into the = equation as before we get

I = —2wsin(#)[vy — gt]1.
Integrating this over time twice and again using the initial conditions £(0) = z(0) = 0, we

find

t?
i = #(0) — 2wsin(9) [Ugt - 92]



z(t) = x(0) — 2wsin(d) [’Uot; = gtﬁT

8
—_—

-
—

Il

3
—wsin(#) [vgt2 — g;]

Now we have to find the time of flight, which is simply twice the value we had hefore,
t; = 24/2h/g, so that the final  displacement is
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where the negqtive sign means that the displacement is to the West.
d) Compare your results for parts (b) and (c).

The direction of the deflection is opposite and it is four times as large.



