Electrodynamics Solutions

Solution 1

-The AD-axis of the cube has threefold symmetry, i.e. the cube is invariant under
rotations by +120° about that axis.
-Hence, the corners B,, B, and B, are equivalent and have the same potential.

-Also, the cornersC,,C, and C, are equivalent and have the same potential.

If a current I enters A, then:

A current % circulates through each of the resistors AB,; .
A current Ig circulates through each of the six resistors B,C; .
A current %passes through each of the three resistorsC;D .
The potential drop between A and B, is% .
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The potential drop between B; and C; isz.

The potential drop between C; and D is% .

The potential difference between A and D is:
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Solution 2

a) Calculate the capacitance of the capacitor.

To find the capacitance we would like to find the voltage between the plates for a given
charge +Q and —Q on the two plates. We can use Gauss’s law (both with and without a
dielectric) to find the electric field due to the charge on the plates, using the
approximation that there are no end effects. Gauss’s law reads, in general
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where ¢ = ke, is the general form of the electric permittivity in the presence of a

dielectric (note that in free space k = 1).

If we use a pill-box shaped Gaussian surface with end area A" and with one end below the
bottom plate, which is charged to —Q, and the other end inside the dielectric, then Gauss’s
law gives us
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where Ed is the field inside the dielectric, since the field is zero outside the electric on the
bottom end of the pill-box and always perpendicular to the sides of the pill-box. This
gives
_Q_0Q

A kg A
Exactly the same procedure, but with the two ends of the pillbox above and below the top
plate in empty space, results in the field between the dielectric and the top plate of
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We can now find the relation between the voltage difference V between the bottom and
top plates and Q by integrating the constant electric field (which points straight up) along
a vertical line from the bottom plate to the top plate
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so that we have
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Note that this is just the capacitance of a free-space parallel-plate capacitor with

area A and plate gap L/2 in series with that of the same capacitor with dielectric inserted,
which is larger, 2xe, AL . The total capacitance of two capacitors in series is like that of

resistors in parallel, i.e. it is given by

b) Calculate the charge on the capacitor.



For any capacitor Q = CV, so
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c) Calculate the value of the electric displacement D in the capacitor.
The source of the electric displacement D is free charges, so we are to ignore any surface
charges on the dielectric. This means that the electric displacement everywhere in the
capacitor is just the electric field in the free space region,
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and it points from the lower plate to the upper plate.

d) Calculate the value of the electric field inside the dielectric layer, and in the air above
it. With our approach we have already done this and we have
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e) Calculate the electrostatic energy stored in the system. How would it change if the
dielectric is removed? The electrostatic energy stored in a capacitor is just
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Obviously if « is reduced to unity by removing the dielectric but the applied voltage
remains the same, the capacitance is reduced and so the amount of stored energy is
reduced.

and so we see that

Solution 3

The flux ® is given by

ktA t<t,
®=BA=
kt, A t>t,

Therefore we have

dd | kA t<t,
dt  |0- t>t,

where the minus sign reminds us that the current flows to oppose the increasing B, or in

the clockwise direction. The total voltage Kirchoff equation is

Ve +V =|g|
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dt
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The general solution of this differential equation may easily be obtained by the
substitution U = |g| , which yields u =u, exp(—&) where u, , and hence

=L, expl-2).

Or, following the conventions of the problems class:

£
We can solve this by adding a particular solution |, = U to the solution

I, =k exp(— %) of the homogenous equation L% = —RIl , and then matching to initial

conditions which are I(t = 0) = 0, we have:

| = |;|+kexp( F:_tj

10-Gesi-
R

I(t) = (1 exp(— %B , 0<t<t,
Rt,
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For t > t, there is only an exponential decay of the current I(t,) = ?(1 — exp(— TD

This time the differential equation is:
dl IR

dat L

t—t,)R
With the immediate solution | = I, exp(— %) since now the limits of the

integration are from I(t, ) to I(t) and t, to t.
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Hence we have.
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Solution 4

Solution'

e [sing divergence theorem we find

expl —br)
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thus, charge density as a function of radins is

exp(—hr)
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The charge density behaves as A fv? near origin, becomes zevo at v = 1/5,
and exponentially decays to zero at large distance as —Ab expi—br)fr.

# The total charge is given by an integral

) = dw frgpd-r,

its caleulation is unnecessary sinee from the Gauss law for spherically
ayvminetric distribution we know

Q= lim r*E,. =0
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Solution 5

We solve this problem by the principle of superposition. The magnetic field is identical
to that of a solid conductor of radius R with the same current density as the cylindrical
conductor with the hole in it, superimposed on another solid conductor with radius @ and
the same magnitude of the current density but with the current in the opposite direction
at the position of the hole. First let’s find the current in each. The current density is
J = I/[n(R? — a?)], so that the magnitude of the current in the first solid conductor should
be )
Ip = J-wm:Iﬁ,



and that in the second conductor should be
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Now we can use Ampere’s law to find the magnetic field at a general point P = (z, y) outside
the two conductors, because each is now a symmetric conductor and we can do the integral
of the magnetic field around a circle centered at the center of each wire. Formally, we have
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where the integrals are over circles centered at the center of the solid conductor of radius R
and that of radius a, respectively. This means that
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where rg and r, are the distances to the centers of the two conductors from the field point
P = (z,y). The direction of each B is different; the large conductor has a current out of the
page so its field points along @g, and that from the small conductor points along —8,, as
shown below.

From the diagram we can see that

. Mo Ir Y o Iry
Bre = —Brewsln) =~ 7o VP v . P+
_ _ Mo Ir T _po Igx
Bry = Brsinl0r) = oo e s o oy 7
Ho 1q Y Ho Iy
B, = DB,cos(f,) = — == ,
aw @ e 2 \/(mfb)'eryQ \/(z—b)2+y‘2 27 (x — b)2 + 2
. Mo 1a (z—b) Ho Ir(z—0)
B = —B ] 9 = —— _ Y T3 &1
ay . sin(0,) 27 &b - v @O+ 2 (@ — b + o2
so that

2 1 2 1
B, = BRw—i-BM:—;—in( & a )

R? — g2 ,.":Q—I—yQ_RQ—aQ (z —b)% + y2

o R? T a’ z—b
B, = BRHJFB“@’:_%I(R?—a?x2+y2_R2—a2 (x—b)’+y*)




Solution 6

Kinetic Energy of rotation: KE = % I, 0’
IZ:%MrZ, M =27Arp, IZ=7zAr3p
r=radius, A= cross section, p= mass density

The magnetic flux through a ring is: ® = H_r* 7z cos(8)

0= the angle between the field and the plane of the ring
The rotation of the ring: 6=wt, (assuming ®>>1/1)
2
Lenz’s law: V = _Ld¢ ! o0
c dt
Again, assuming that o varies only slowly with time.
2
Electric dissipation: IV = Vo —i(l l,
R dt 2

sin(wt)

0’)=-1,00

r’zH,w)’
Here, R = 2rz and, hence: |,00 = —l(—zoa))sin2 ()
Ac R c

Averaging over short times <a)> = —2, and <sin2 (a)t)> = %
T
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For G*> =erg/cm’ =



