Qualifying Exam Fall 2006
Solutions

Solution 1

-The AD-axis of the cube has threefold symmetry, i.e. the cube is invariant under
rotations by +120° about that axis.
-Hence, the corners B,, B, and B, are equivalent and have the same potential.

-Also, the cornersC,,C, and C, are equivalent and have the same potential.

If a current I enters A, then:

- A current % circulates through each of the resistors AB,; .

- A current Ig circulates through each of the six resistors B,C; .
- A current %passes through each of the three resistorsC;D .
- The potential drop between A and B, is% .

- The potential drop between B; and C; is% .

- The potential drop between C; and D is% .

The potential difference between A and D is:

HenceR = ér
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Solution 2
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A measurement along the x-axis has as an outcome, one of the eigenvalues of S, .
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The possible values are: 72,0, .
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The largest possible value along the x-axis is7 ; obtain eigenvector in the basis of
quantization along the z-axis:
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Solution 3

Conservation of energy given by the sum of potential energy due to gravity and kinetic
energy can be used to determine escape velocity. In the case of Earth along the potential
is given by:
Mcm
#(r)= -G~

r
where m is the mass of the book. The book will escape if initial kinetic energy is high
enough to overcome the potential atr = R. . Thus
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MWe MM thus v, = E _11km/s
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In the Earth-Moon case the potential is
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where MM = ME. The potential is a symmetric double-well and in order to leave the
surface of the earth the kinetic energy must be high enough to overcome a saddle point
right in the middle between earth and moon. Thus the condition for escape velocity is

2
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This equation solved for escape velocity gives vy =7.7km/s.

Solution 4

a) Calculate the capacitance of the capacitor.

To find the capacitance we would like to find the voltage between the plates for a given
charge +Q and —Q on the two plates. We can use Gauss’s law (both with and without a
dielectric) to find the electric field due to the charge on the plates, using the
approximation that there are no end effects. Gauss’s law reads, in general

§E S = Qe

£
where ¢ = kg, is the general form of the electric permittivity in the presence of a

dielectric (note that in free space k = 1).

If we use a pill-box shaped Gaussian surface with end area A" and with one end below the
bottom plate, which is charged to —Q, and the other end inside the dielectric, then Gauss’s
law gives us

§E, -dS = g, A= Qe N _Q 5
£ e &A
where Ed is the field inside the dielectric, since the field is zero outside the electric on the
bottom end of the pill-box and always perpendicular to the sides of the pill-box. This
gives
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Exactly the same procedure, but with the two ends of the pillbox above and below the top
plate in empty space, results in the field between the dielectric and the top plate of

_Q _Q
gA g A
We can now find the relation between the voltage difference V between the bottom and

top plates and Q by integrating the constant electric field (which points straight up) along
a vertical line from the bottom plate to the top plate

L/2 L
Vo [E di+ [Ed=—2 Lt QL
0 U ke,A2 g A2
so that we have
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Note that this is just the capacitance —>

of a free-space parallel-plate capacitor with

area A and plate gap L/2 in series with that of the same capacitor with dielectric inserted,
which is larger, 2xe,AL . The total capacitance of two capacitors in series is like that of

resistors in parallel, i.e. it is given by
-1
C= L+L .
Cl C2

b) Calculate the charge on the capacitor.
For any capacitor Q = CV, so
o 2¢,AV ( K j

L 1+«

c) Calculate the value of the electric displacement D in the capacitor.

The source of the electric displacement D is free charges, so we are to ignore any surface
charges on the dielectric. This means that the electric displacement everywhere in the
capacitor is just the electric field in the free space region,

D_g= 2 V[ &
A L \l+x
and it points from the lower plate to the upper plate.

d) Calculate the value of the electric field inside the dielectric layer, and in the air above
it. With our approach we have already done this and we have

ke,A L(1+x) g A

Eq

e) Calculate the electrostatic energy stored in the system. How would it change if the
dielectric is removed? The electrostatic energy stored in a capacitor is just
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Obviously if k is reduced to unity by removing the dielectric but the applied voltage
remains the same, the capacitance is reduced and so the amount of stored energy is
reduced.

and so we see that

Solution 5

To find the fraction of particles which reach the detector, we have to find the time that it
takes for particles to reach the detector. Let N, be the number of the generated particles
and N be the number of particles which reach the detector. The relation between them is
given by:
N = Noexp[—lj. (1)
T

Eq.1 is the formula which is used to find the number of particles after time t when their
life time is t. Therefore we have to find t and 7.

The generated particles have a life time 7, =100 ns, in their rest frame. This means that

if we “travel” with the particle the particle will decal after 10ns. But this is not the time
which is measured in the laboratory. Since the rest frames of the particles move with
respect to the lab-frame. According to the special relativity there is dilation of time
between the time measured in the lab-frame and the one in the rest frame of the particle.
The measured time 7 is related to 7, by:

T
T:]/TOZ—()’ (2)

where v is the velocity of the particles. Here the velocity of the particles is unknown. To
find the velocity we use the information given in the problem. We know the total energy
of the particle. The relation between the total energy and the velocity is given by:

E*=p°’c’+mc? (3)
but, p =ymyVv
E®=y’m,c’ +mgc?
= [p?v? +¢? m2c?

m;c*

using the definition of y =
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=y myc’

or E =ym,c’ (5)
The total energy is:
E =100m,c* = y =100 (6)
Substitute Eq.6 in Eq.2 we obtain:
r=10"s. (7)
From Eq.6 and the definition of y we get:
VxC (8)
The time for particles to reach the detector is given by:
t:lzl:2x10_gs. 9)
v C
Substitute Eq.7 and 9 in Eq.1 it yields:
ﬁ:e*2 ~13.5%. (10)
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Solution 6

(a) For x <0 the time-independent Schrodinger equation is:

/e
—————Y(X) = E¥(X),
Yo (X) (X)

for which the solution including both the transmitted and reflected waves is:

¥, (X) = Ae™ + Be™; k=v2mE/h*.
For x > 0 the Schrodinger equation is:
n* d’
———YX)+V,¥Y(X) = E¥Y(X),
A () +V, ¥ (X) (X)
and the solution is:

W, (0=Ce" X k'=2m(E -V,)/7?,

where we keep only the right moving (transmitted) wave.

(b) Applying the boundary conditions at x = 0 that both ¥ and its first derivative with
respect to x must be continuous yields:

¥, (0) =%, (0)= A+B=C,
and

Y, 0)=Y"_,(0)=ik(A-B)=ik'C,
from which we find
2k A B k—k'

k+k' kK+k'
(c) The probability currents for the incident( j, ), reflected (J,) and transmitted ( j,)

waves are easily found to be:

C=
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=—|A", j,=—-——|B[, j,=—/C|".
m m m
The reflection coefficient is then:
i |Bz (k=K
R = -— = |— = 2 N
i 1AL (k+k)
and the transmission coefficient is
ke ke
i KIAL (k+k)

(As a check we see that T+R=1, as it must.)

Solution 7

(a) If n is the number of segments which point up and L is the length of the rubber band,
then:

L: N-2n= nzﬁ—L
a 2 2a
The number of microstates corresponding to the length L is then N choose n, i.e.

N! N!
(N=mnt (Y +Ly(v-L

2a 2a/

N
# of microstates = ( ] ] -

From this, we find the entropy is:

|
S =k, In N*

(5 + 55 -5)

(b) The energy of the system is simply E(L) = —mgL . Thus, the free energy at
temperature T is:

—mgL — kT In

(5 + )(—

(c) ForN >>1, Stirling’s approximation tells us that
ST e s
Kg 2 2a 2 2a 2 2a 2 2a

oS _ k_Bln Na—-L
ob 2a Na+L
So, minimizing the Free energy we have
* =-mg —k; Til Na-L
ER 2a Na+L

Thus

=0

and, solving for L yields

L = Natanh mga
k. T

B



(d) As T increases the rubber band gets shorter. This is seen directly from the solution of
Part (c), but also from the fact that the higher temperatures favor higher entropy
configurations and hence smaller rubber band lengths.

Solution 8

The flux ® is given by

KtA t<t,
®=BA=
kt, A t>t,

Therefore we have

dd | kA t<t,
dt  |0- t>t,

where the minus sign reminds us that the current flows to oppose the increasing B, or in

the clockwise direction. The total voltage Kirchoff equation is

Ve +V, =]
R+LI €]
dt
Or d—|:|g|—B
dt L

The general solution of this differential equation may easily be obtained by the
, and hence

substitution U = |g| , which yields u =u, exp(—&) where u, =

=1, expl-).

Or, following the conventions of the problems class:

. . . . & .
We can solve this by adding a particular solution |, = U to the solution

I, =k exp(— %} of the homogenous equation L% = —RI , and then matching to initial

conditions which are I(t = 0) = 0, we have:

mkep( L)

|| lel
10 =1 +k= k=11

1(t) =E(l—exp(—%D, 0<t<t,

: : KA Rt
For t > t, there is only an exponential decay of the current I(t,) = F(l - exp(— TOD

This time the differential equation is:



dl IR

dt L
. . . . (t—t,)RY . .
With the immediate solution | = I, exp| — L since now the limits of the

integration are from I(t, ) to I(t) and t, to t.

I(t) = %(1 - exp(— %D exp(_ R(t Eto )j
ol o

///\\EtD<Rm

Hence we have.

v

t, >> RIL

Solution 9

Introduce the generalized coordinates as in the figure below.




The Lagrangian for this system will be given by

L= Twedge +Tm _Vwedge _Vm .

and
_ v 2
wedge — A MXZ

V

wedge
T, =m0 +97)
V., =mgy,
But X, and Y, can be written as follows:
X, = X, +2, cos(d)
Y, = Z,sin(0)

Substitute Eqs.6 and 7 in Eqs.4 and 5, then replace T’s and V’s in Eq.1, and rename

X, =X, Z,=z for simplicity. The result is given by:

L= %m[x2 427 2% cos(H)]Jr%M)'(z — mgsin(6)

The equations of motion are obtained by:
i(%j —8—L =0, where q=x, z.
dt\og) aq
We get:
mX + mZ cos(0) + MX =0
mZ + mX cos(#) + mg sin(€) =0

From Eq.11 solve for Z, and then substitute in Eq.10
i — mg sin(&) cos(0)
m+M —cos*(0)

Substituting the numerical values for different parameters, we get:

X =196242
S

7=-682"1
S

= Mgy, = constant, since the wedge does not move in the y direction.

(1)

(2)
3)
4)
()

(6)
(7)

(8)

)

(10)
(11)

(12)

(13)
(14)

To find the acceleration of the mass m, derivate Eqs.6 and 7 twice and use the numerical

values from Eq13 and 14

%, :—3.85?2

(15)



. m
j, =-358 (16)

Solution 10

(a) The abrupt accumulation of bosons in the ground state at temperatures below T,

is called Bose-Einstein condensation. This is a property of bosons which have no
restriction to the number of particles per energy state (as opposed to fermions
which must obey the Exclusion Principle.)

(b) This can be solved in a few different ways. Here is the solution that the students
have access to (which is correct):

For Bosons:

1 A 1
N=> = d?
- efE-1 _q (272.)2 I P P E-1 _q

Bose-Einstein condensation occurs if N is finite for 4 — 0. At small energies
(and therefore small momenta) the integral becomes:
I d*p o pdp o pdp dep
e® -1 J1+pE-1 J pep?* Y p?
Since this integral is finite (over all momenta), we have Bose condensation.

To calculate T, , we have to do the integral:
__A [d? 1
(2r)? e 1
Change of variable: let x = fcp?
Therefore: p = (KT, /c)** x*?

Our integral is now:
N A kL 4/3 % J’dx X3
2r)* ¢ 3 e’ -1

4/3

3/4

The integral just gives a number, so we have N/ A~ (T,)" orT, ~n

The exponent a=3/4.

(c) The differential of the grand potential is:
D6=-SdT-PdA+ndp
From this, we can calculate the entropy and pressure:

e
dT ..



- (3]
dA ),

We can calculate the grand potential from:
0=-KTInZ
And the grand partition function:

Z =3 e Em

The grand partition function is a sum over particles and momenta:
1
— -B(E-m)n _
Z _Hze _Hl_e—ﬂ(E—y)
p N p

Calculating the grand potential:

6=KT) In(l-e =) = —kTAz
5 (2x)

BelowT. , u=0. We can evaluate the integral through a change of variables:

2/3
()¢
C

0 =KT(T)*? A(int) ~T7*A
Where, again, the integral just gives a number. We can now calculate:

[d*pin(i—e )

Therefore:

:—E~T4/3 — f=4/3
P:—Cdl—i~T7/3 —>y=17/3

Solution 11

(a) The Auger Effect: An atom with a missing inner electron can lose excitation energy
by the Auger effect without emitting an x-ray photon. In the Auger effect an outer-
shell electron is ejected from the atom at the same time that another outer-shell
electron drops to the incomplete inner shell. Thus the ejected electron carries off the
atom’s excitation energy instead of a photon doing this. In a sense, the Auger effect
represents an internal photoelectric effect, although the photon never actually comes
into being within the atom.

(b) Bragg diffraction: Bragg’s famous x-ray experiments consisted of directing an x-ray
beam upon a crystal and measuring the scattered photons. Bragg noticed that the
beam was only diffracted at certain angles which correspond to different spacing’s
between the atoms (or crystal planes). The maxima can be found at 2dsinf=mA, where
d is the lattice spacing, theta is the scattering angle, m is the index of the maxima, and
lambda is the wavelength of x-ray radiation.



(c) Rutherford scattering: Rutherford found that incident charged particles are scattered
by atomic nuclei. There are a number of large-angle scattering events (even back-
scattering) which cannot be explained if the atomic charges were distributed in a
uniform way through a material. This shows that the charge in an atom is
concentrated in a point-like core (the nucleus).

Rutherford scattering equation:
cot[gj _ 4re, K b

2 Ze’

Where the incident particle has kinetic energy K, the target nucleus has charge Ze*
and b is the impact parameter.

(d) The Mdssbauer effect: Certain atomic nuclei emit photons in undergoing transitions
from “excited” energy states to their “ground” or normal states. These photons
constitute gamma rays. When a nucleus emits a photon, it recoils in the opposite
direction. If these nuclei are within a crystal, the entire crystal recoils when a gamma-
ray photon is emitted instead of the individual atom. This is the Mdssbauer effect.
The energy of the emitted photons can be shifted in a crystal due to interactions with
the crystal field.

(e) The Stern-Gerlach experiment: In this classic experiment, a beam of silver atoms is
directed through a spatially-varying magnetic field. Due to the interaction with the
field the beam will be split into two beams, corresponding to different polarizations.
This shows the existence of half-integer spin particles.

Solution 12

We have that:
hod?
o) = - s V0 )= El).

2m dx>

so that we can substitute |l//> into this to find V(x) and E. One derivative gives us:
di|l//> = A(-2A*X) exp[— azle
X

and a second gives us:

d- lw)= A[(—2a2)+ (—2a2X)2]exp[— azxz]: [— 28 + 4a4x2]1//>.

This is a harmonic oscillator and the wave function describes its ground state.



