PHY 6938 Mechanics Fall 97 March 22, 2001

1. A block of mass m rests on an inclined plane which forms an angle of § with
the horizontal. The block is prevented from sliding down by being attached to a
spring with spring constant k. The block is displaced upwards (along the plane)
by a distance d, and then released at time ¢ = 0.

a) Calculate the displacement of the block at time ¢ > 0, ignoring friction.

Since we are not given the equilibrium length of the spring, we can safely assume it is zero.
The following diagram shows the forces on the block after it is displaced by a distance d up
the plane:

We can assume that the displacement of the block is from its equilibrium position, which
means that it will oscillate around that equilibrium position due to the restoring force of the
spring. Note that the component of the gravitational force along the plane serves to extend
the spring to establish the equilibrium position of the block, and so if we refer all positions
to this equilibrium position then it does not enter into equations of motion. This means that
the block simply oscillates around the equilibrium position with a displacement d, so that

z(t) = dcos(wt),

where w = \/k/m.

b) How much work is required to perform the initial displacement if the coeffi-
cients of static and kinetic friction are u; and py, respectively?

No work is done against static friction as this only applies when the block is stationary, so
there can be no displacement. The work done against kinetic friction is just the magnitude
N = ppmg cos(f) of the frictional force times the displacement d,

W = pmgd cos(6),
and the work done to compress the spring is W, = kd?/2, so that
W = Wi + Wepr = pemgd cos(f) + kd* /2.

c) What is the minimum angle 6, such that the block will start to move after the
displacement?



Now we have to balance the frictional force, which always opposes the applied force and so
points up the plane, and the force from the spring. Note that, again, the gravitational force
is balanced at the equilibrium point and so does not enter into the equations. This means
that

kd = f < usN = pgmg cos(6),

and the minimum angle is attained when f reaches its maximum value and

kd = psmg cos(6),

kd
6 = cos™! ( ) .
Hsmg

d) What is the minimum displacement d, such that the block will start to move,
independent of the angle 67

so that

The largest value the frictional force can have is when the plane is horizontal and f = u;N =
usmg. If d is this large or larger then the block will always move regardless of the angle 6.

In this case kdmin = psmg and
g Hsmg
min k -

2. A projectile of mass m is fired at an angle § above the horizontal, with an
initial velocity vy. At the highest point of the trajectory, the projectile explodes
into two fragments of equal mass. One of the fragments falls vertically with zero
initial speed, following the explosion.

a) How far from the point of firing does the other fragment strike the level
terrain?

Firstly, the vertical component of the projectile’s velocity is v,, = vy sin(f), and so with a
constant gravitational acceleration —¢g in the y direction its vertical speed goes to zero at
a time ¢ = vy sin(f)/g. Since the projectile’s constant horizontal velocity is vo, = vg cos(),
during that time it has traveled

2
(1) = vout = %Ocos(e) sin(9).

If one of the fragments falls straight down it can carry none of the projectile’s initial horizontal
momentum, which must be carried entirely by the second fragment, so that from conservation
of momentum the horizontal component vq,(t) of its velocity at time ¢ must be given by

m

EUQw (t) = MUy,

so that

ng(t) = 2’0035.
Since the projectile was not moving vertically when it exploded and the first fragment is
not moving vertically after the explosion, we know from conservation of momentum in the



vertical direction that the second fragment cannot be moving in the vertical direction either.
This means that it also simply free falls [while moving along the x direction with constant
velocity v2z(t)], and will take the same time t to fall as the projectile took to rise. This
means that it will fall a distance vq,(t) X t away from the explosion, and its final distance
from the point of firing is

2
Az = ozt + 20p5t = Vgt = 320 cos(#) sin(h).
g

b) How much energy was released during the explosion? (Assume that the
energy loss in the form of heat and sound may be ignored.)

Before the explosion the kinetic energy of the projectile was T} = mwv2,/2, while after the
explosion the kinetic energy of the first fragment was zero, and that of the second fragment

is
1m
T2 = 55(2’1}03)2 = mvgm.
This means that an amount
1 1 5 5
Q=Ti-Ti=T-T = 5Mog = 5TMg €O (6)

of energy is released.

3. A uniform rod of mass m and length L is suspended on one end by a string,
while the other end rests on the ground, such that it forms an angle § with the
horizontal.

o

a) What is the tension in the string?

Let’s draw a free-body diagram for the rod.



To find the tension in the string we have to balance the vertical and horizontal components
of the forces on the rod, and the torques on the rod about its center of mass. The vertical
equation is

T+ N =myg (1)

and there are no horizontal components if we ignore friction, which we must do in the absence
of information about the coefficient of friction. The torque equation is (take counterclockwise
as positive)

L L
5]\7 sin(90° — 6) — 5Tsin(90° —6) =0,

so that N = T and from (1) we have that N = T = mg/2. Note we also have to assume
the rod is thin compared to its length (unlike in the diagram) in the absence of information
about its diameter.

b) Now imagine the string is cut, and the rod starts to fall. Calculate the vertical
component of the acceleration of the center of mass of the rod, at the moment
t = 0 immediately following the cut. Ignore friction with the ground.

Even though we are looking immediately after the string is cut, the tension force is gone so
that the normal force is going to be different than it was in part a). If there is no friction
there are still no horizontal components to the forces and so the center of mass of the rod
simply falls straight down. The fact that it does so allows us to write two equations for the
motion, even though it takes place in only one dimension, because the angle through which
the rod rotates, which is related to the net torque, is related to the distance through which
it has fallen by an equation of constraint. First deal with the vertical equation of motion,

myj = N —myg,

where y is the height of the center of mass. We can set up the equation of motion for the
state of rotation around any point, so choose the point of contact with the ground. Then
the equation of motion of the state of rotation is

. L L
Iongf = P sin(90° +0) = —5™Mg cos(6),

where note the sign is negative because the torque reduces 6.

We need two things to proceed: I.q for the rod, and the relation between y and 6. The first
is given by

L
Ioda = / dm z*
0



L
= / pdx z?
0

L
= %/0 dx z°

_om ac?’L_mL?’_mL2
~ L|3], L3 3’7

and the second is given by the relation from the triangle made by the rod, the ground and

Y, I
Yy = 5 Sln(@)

We need to convert this to an equation relating ¢ and 0, which is found by differentiating
twice

L .
y = §cos(0)9

y = g [cos(@) 0 — Osin(0) 9]

i(0) = écos(@)é

where we have used that at t = 0 we have § = 0.

Our three equations in the three unknowns ¢, 0, and N are now

my = N —mg (2)
msLQé - —%mgcos(ﬁ) (3)
i = gcos(é)é. (4)
Substituting (4) into (3) we find:
9 .
%Lcig(e) = _gmg cos(6)
iy = —296082(0).

c) What is the force Fy that the rod exerts on the ground at time ¢ = 0, imme-
diately after the cut? (Hint: It is different than before the string was cut.)

We can find N from (2) using 4, so that

3
N =mg+ mij = mg [1 — ZCOSQ(O)] )

4) A fountain designed to spray a column of water 12 m into the air has a 1 cm
diameter nozzle at ground level. The water pump is 3 m below the ground. The



pipe to the nozzle has a diameter of 2 cm. What pump pressure is required?
Pym = 101 kPa. (Neglect the viscosity of the water).

Firstly, we need the state of the fluid in four distinct regions: at the water pump (1), just
before the nozzle (2), just outside the nozzle (3), and at the top the column of water. To solve
this we need a relation which relates the velocity of an incompressible fluid, its pressure in
two places, and the height difference between those two places. This is Bernoulli’s equation,
which is a statement of conservation of energy in the fluid,

1 1
Py + pgy1 + §PU% =P + pgys + §PU§-

We also need the equation of continuity of the fluid, which is a statement of the lack of
sources or sinks of fluid,
V1A = vp Ay,

where, for example, A; is the cross sectional area of the pipe at position (1).
(1): At the water pump we have P;, y; = —3 m, v;.
(2) Just before the nozzle we have Py, y, = 0, and vy = 0.

(3) Just after the nozzle we have Py = Py, y3 = 0, and v3 = 4v, = 4v1, because the cross
sectional area went down by four going through the nozzle.

(4) At the top of the column of water we have P; = Pyym, ¥4 = 12 m, and vy = 0.

Use Bernoulli’s equation to work backwards from the top of the column of water,

H+mm+%wi=%+mm+%m§
Lo,
PIYs = 5,07}3
vi = 29y,
which is just the speed required to project any object up a height y,. Working backwards
we have

1 1
A%+mm+—w§=<%+mm+§w§

2
1 Vs 2 1 2
Pt-p(B) = Ptz
2+2p<4) 31 5P
1 15 15
P2 = Patm + ép (E) U?? = Patrn + (E) PgYa.

Finally, we can work backwards to P, by simply adding the pressure due to the 3 m column
of water since v; = vy,

1 1
Py + pgy: + EPU% = P+ pgys + 50“%
P +pgyr = P+ pgyo

15
P = P+ pg(y2 — y1) = Patm + 09 [(E) 1/4+(2/2_3/1)]

k 15

P, = 101 kPa+ 1000 i 9.8 m [(—) -12+3] m
m3 s2 [\16

P, = 241 kPa.



