PHY6938 Spring 2000 Proficiency Solutions

1. A uniform bowling ball with mass M and radius R is hit by a stick and acquires
an initial speed vy but no angular velocity (wy = 0) at ¢ = 0. The coefficient of the
kinetic friction between the ball and the horizontal surface on which it is moving
is 41, and the acceleration due to gravity is g. Hint: [sin®6df = —3 cos f(sin” 6 + 2).

a) Calculate the moment of inertia of the ball about an axis that passes through
the center of the ball.

Assume the ball rotates about the z axis (the result is independent of the axis about which
it rotates, by symmetry); then the moment of inertia is the sum of dM - (2% + y?) (the per-
pendicular distance to the z-axis squared times the mass element) over the mass distribution

I = /dM(:r2+y2) :/pd3r(x2+y2) Zp/d3r(r2—z2)
= p/d3r [r? —r?cos®()] = p/d3r r?sin?(6),

which we can do in spherical polar coordinates
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and substituting p = M/[47R?/3] we find
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b) Calculate the time ¢; after which the ball rolls without slipping on the surface.

The only forces on the ball after it starts to translate are the frictional force f pointing
backward along the surface, and the gravitational force and the normal force. The latter two

balance so that
N =My, f=pN=pMg.

The only unbalanced force on the ball is, therefore, the friction, and it acts to both slow
down the ball and to cause it to rotate. The other two forces could have a vector sum of
zero and still produce a torque, but as they both act along a line through the center of mass
they produce no torque around the rotation axis which passes through the CM. Note that
the friction is a constant force which means that the acceleration of the ball is constant and
equal to —ug and that torque on the ball is constant and equal to 7 = Rf = umgR. This
means that the CM velocity will drop linearly, and the angular velocity will increase linearly,
so that at some point the condition

’U(tl) = Rw(tl)

will be met, and the ball will then start to roll without slipping if the static friction is larger
than the kinetic friction. To find the angular acceleration o we need to divide the torque by
the moment of inertia found in a), so that
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and so the above condition is

5 5)
U(tl) = Vg — %tl =Ty — ,ugt1 = Rw(tl) = Ri%tl = ilugtl

and so we have

and note

c) Calculate the work done by friction between ¢ =0 and t = ¢;.

To find the work by the friction we could find the distance that the two surfaces slip against
each other. This is not the same thing as the distance traveled by the ball; for example, if the
ball is rolling without slipping the frictional force does no work but the ball still translates.
Instead of doing this it is, as usual, easier to use the fact that the frictional force is dissipating
the kinetic energy so that the work done by the frictional force is the change in the kinetic
energy of the ball. The initial kinetic energy is

,-Tl = EMU(%,
2
and the final kinetic energy is
o= ium (t )2+11 (t )2—1M (t )2+1 2 MR vy’
R R e R
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= Mo (14+2) = SMu(n) = 5 - 2ok
pMult)” (145 ) =5 gMvlt)” =5 - 7%
so the work done by the friction is negative and has the value
1 5 1
W:Tf— iZEMUg [7—1] :—?Mvg

2. A small uniform sphere with radius r rolls without slipping along a track as
shown in the diagram. The radius of the loop is R.
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a) Calculate the moment of inertia of the sphere about an axis through its center.
See 2 a); [ = 2M R?/5.

b) What is the minimum height at which the ball must be released so that it
will not fall off the track in the loop?

We will use conservation of energy. At the top of the track the center of mass of the sphere
is at a height 2R — r so that the potential energy has decreased by

AU = mg[h — (2R —r)].

Call the velocity at which the center of mass is translating at this point v. In order to find
the kinetic energy in terms of v we need to find the rate w at which the sphere is rotating in
terms of v,

Then the rotational kinetic energy is
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and the total kinetic energy is

Now using conservation of energy we can relate the speed v of translation of the sphere at
the top of the loop to the height A by

AU = mglh— (2R —71)| = %va,

so that 10
v’ = 7g[h - (2R —1)].

We are now almost done, as we know the forces on the sphere at the top of the track
are the frictional force which is keeping it rolling, the normal force pointing down, and



the gravitational force mg also pointing down. The frictional force does no work and acts
horizontally so it does not affect the condition for staying on the track. The minimum
velocity v is attained when the sphere is just about to leave the track so that the normal
force is zero. At this point the only force on the sphere is gravity, and it is this force which
must be providing the centripetal acceleration v?/(R — r) required to make the sphere travel
in a circle of radius R — r. This means that

mu? 10 lh — (2R - r)]

Solving, we find

c) Should this height be increased or decreased if the solid sphere is replaced by
a hollow one with the same mass and radius?

A hollow sphere of the same mass and radius has a larger moment of inertia and so has
a larger part of its total energy in the rotational kinetic energy, and so will have a lower
translational speed for the same total energy. This means that we will have to increase the
height h in order for it to have the translational velocity required to keep it on the track.

3. Consider the off-center elastic collision of two objects of equal mass when one
is initially at rest.

a) Show that the final velocity vectors of the two objects are perpendicular to
each other.

Let’s call the angle between the projectile’s initial and final directions the lab scattering angle
1, and the angle between the target’s final direction and the projectile’s initial direction the
recoil angle (. Our job is to show that ¢ + ¢ is 90°. Let the projectile’s initial velocity be
v, its final velocity vy, and the target’s final velocity v,. The statement of conservation of
momentum is

mv = muycos(y)) + mus cos(C)
0 = muw;sin(y) — mugsin((),
which simplifies to
v = wycos(y)) + vy cos(() (1)
0 = w;sin(¢) — vysin(() (2)

once the mass is divided out.
Energy conservation gives that (here dividing by m/2 straight away)
v? = vl + ;. (3)

Applying the Pythagorean theorem to (3) we know that a triangle with a hypotenuse of
length v has sides of length v; and v,. If we draw the vectors representing the velocities in
order to represent the vector momentum conservation equation

vV =V + Vg,



as in the following figure,

\'
we see that it must be the case that the sum of ¢ and ¢ is 90°.

b) Show that the incoming object cannot have a backward scattering component.

Neither ¢ nor ¢ can be negative (i.e. v; and v, cannot be on the same side of the projec-
tile’s initial momentum) or we would not be able to conserve momentum in the direction
perpendicular the projectile’s initial velocity. Since their sum is 90° this means that they
both satisfy

0 <1, <90%

which means that the projectile cannot scatter at an angle ¢ larger than 90°.



