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Mechanics

1. The drum of a winch has a mass M and a radius R. A cable wound around
the drum suspends a load of mass m. The entire cable has a length L and
a density (mass per unit length) A\, with a total mass m. = L\. The load
starts from rest, at the bottom of the winch, and begins to fall toward
the ground, unwinding the cable as it moves.

mass=M

(a) Write an expression for the change in potential energy of the load
and the cable that has been paid out from the drum, between the
initial situation and when the load has fallen a distance d.

To find the potential, it is useful to choose a reference level or point for which
the potential is zero. This selection of the reference point is arbitrary. But
it always helps to choose a point which make the solution easier. Below that
point the potential energy has negative value and above that point the potential
energy is positive. In this problem the center of the drum is chosen as the point
with potential energy V' = 0. With this choice the potential energy of the drum
and the part of the cable wrapped around the drum will be zero. When the

load is at the highest level, its potential energy is given by
I-initial = —Mg L. (1)
The initial potential energy of the cable is

‘/cfinitial = 0. (2)



(b)

(c)

When the load has fallen a distance d the final potential energy of the load is
Vi—final = _mg(R + d) (3)

The final potential energy of the cable can be obtained as following. Since
the cable is homogeneous the center of the mass of the part paid out from the
drum is located at the center of this part.

d d?
Cfinal = —dA= = —=—m. 4
‘/c final d)\2 2me ( )
The change in the potential energy for each part will be
AVZ = ‘/i—ﬁnal — Vl—initial = _mgd (5)
d2
A - —final = Vec—initial — T 57 — ()
Ve Ve—final — Ve—initial 57 =™ (6)
and the total change in the potential is
d2
A‘/;fotal = A‘/l + A‘/c = —(TTL + ﬁmc)g (7)

Write an expression for the kinetic energy of the cable and the load.
Assume that the load has speed v and there is no slipping between the cable
and the drum. Since the cable is connected to the load its speed will also be
v. The kinetic energy of the load and the cable are given by

1
T, = imv2 (8)
1 2
T. = =dMv
2
d 2
= ﬁmcv ) (9)
and the total kinetic of the drum and the cable is
1 d
Tiye = §(m + zmc)UQ' (10)

Express the rotational kinetic energy of the winch in terms of / and
w and convert this expression in terms of M and v.

Since there is no slipping between the drum and the cable, the points of the
drum which are in contact with the cable will rotate with the same speed v.
The rotational energy of the drum is

Ty = %[wz. (11)
The moment of inertia I of the drum and its angular velocity are given by
I = %MRQ (12)
v
w = 5 (13)
Substitute Egs.12 and 13 in Eq.11 it yields
T, = Lar? (14)



(d) Using the results from above, obtain an expression for the speed of
the falling load v after it has fallen the distance d, in terms of M, m,
me, dy L and g.
Since there is no dissipation , i.e. slipping, in the system the total energy of
the system is conserved. This means that

Ttotal,initial + V;fotal,im'tial = 7jtotal,final + ‘/total,final- (15)

But the system starts it motion from rest. Therefore T} initia = 0 and
AV = V;fotal,final - V;fotal,im'tial is giVen by Eq77 therefore

- (V;fotal,final ‘/total,z'nitial ) = 7jtotal,final . (16)

-AV = 7ﬁtotal,final ( 1 7)

Substitute Eqs.7 and 10, and 14 in Eq.17 and solve v

9 Pme
U:$u_ (18)

m—l—mc—l—%g

2. An artificial satellite is observed to have a maximum velocity v; and a
minimum velocity v, during one orbit of the earth. Find its maximum
and minimum distance from the center of the earth in terms of v, vy, the
mass of the Earth M, and the gravitational constant G.

The satellite moves in a elliptic orbit around the earth, since its orbit is closed, and
there is a minimum and maximum distance from the earth. The satellite and the
earth interacts only with the gravitational force f(r)f. This type of motion is called
central force motion, since there is only force in radial direction. In the central
motion 1. the total energy E;, and the angular momentum L are conserved.

Write conservation of the angular momentum for the minimum and the maximum
distances between the satellite and the earth

L MmrminU2 (1)
L = mryev. (2)
Divide Eq.1 by Eq.2, it yields
[min T2 =1 y Oy Tmin = ﬂTmaac- (3)
TmaxzV1 V2

The total energy for the satellite at the maximum and the minimum distances are
give by

1 GM.grnm
Etot = Tmm + szn = 5 2 T carth
T'min

1 GM.grinm
Etot = Tmam + Vmax = 5 2 — 71%
Tmaz



From Eqgs.3, 4, and 5

1 5 GMyrnm 1 5 GMegrinm
—muvy — BT = -mvyy — ————
2 Ermam 2 T'maz
2 2 2C;]M’earth Vo — U1
Vg =0 =
Tmax (%1

From Eq.7 solve for r,,.., it yields

2GM
,rmCLZE - 2
v1(ve + v1)

2GM
v9(vg + v1)

3. A wedge of mass M = 4.5 kg sits on a horizontal surface. Another mass
m = 2.3 kg sits on the sloping side of the wedge. The incline is at an angle
of 31.7° with respect to the horizontal. All surfaces are frictionless. The
mass m is released from rest on mass M, which is also initially at rest.

What are the accelerations of M and m once the mass is released ?

S

This problem can be solved in different ways. One of them is drawing free body
diagram for each body, introducing a coordinate system, writing the Newton equations
plus the constraints. But this can be complicated. Instead, we use Lagrange formalism

to solve this problem.
Introduce the generalized coordinates as in the figure below.

M

The Lagrangian for this system will be given by
L= Twedge + Tm - Vwedge - Vm



1.
Twedge - §MIE§ (2)
1
Vivedge = §M gys = constant, since the wedge does not move in the y direction. (3)
. .
To = Smli+3}) @)

But z; and y; can be written as following

Ty = 9+ zc08(0) (6)
y1 = zsin(0) (7)

Substitute Egs.6 and 7 in Eqs.4 and 5, then replace T’s and V’s in Eq.1., and rename
xy = x, z1 = 2z for simplicity. The result is given by

1
L = §m[jc2 + 2% 4 233cos(0)]
1
+ §M:'c2 — mgzsin(0) (8)

The equations of motions are obtained by

d oL, 0L
S 222 0, where ¢ = g, .
dt<0q') 90 0, where ¢ =, 2 (9)
We get
mi + mZcos(d) + M@ = 0 (10)
mZz 4+ micos(0) + mgsin(fd) = 0. (11)

From Eq.11 solve for Z, then substitute in Eq.10

mgsin(0)cos(6)

= ) 12
m + M — mcos?(0) (12)
Substituting the numerical values for different parameters, we get
. m
i=19624 (13)
. m
f= 682 5 (14)

To find the acceleration of the mass m, derivate Eqs.6 and 7 twice and use the numerical
values from Eq.13 and 14
21 = —3.85 (15)

i = —3.58 — (16)



