PHY5246
Final Exam: Solution

Problem 1.

Part (a) The canonical momenta are
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Part (b) The Lagrangian can be written
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and so, using the matrix method, we find the Hamiltonian is
_ 1 1 2 (m)71 0 Pr
H= 5(2%:]90 - geBT ) ( 0 (m,,,Q)fl Do — %eBTQ (4)

or

Part (¢) Hamilton’s equations of motion are

OH  pr

" m ©
. OH 1 eBr?

= = () "
. _ O0H 1 _eBr2 2+§ _637"2 ()
Pr = r  mr3 Pe 2 mr pe 2

) O0H

Do = _W =0 (9)

Part (d) The conserved quantities are pgp and H.

Problem 2.

Part (a) To verify that this transformation is canonical we need only evaluate the fundamental Poission bracket,
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Part (b) Applying this transformation to H yields



Part (c) Hamilton’s equations of motion for the transformed problem are simply
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for which the general solution is
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where Qpy and Py are constants.
Part (d) Hamilton’s equations for the untransformed system are
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for which the general solution is
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Thus
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These results are consistent with Part (c), with Qy = A? and Py = —4.

Problem 3.

Part (a) The Hamilton-Jacobi equation for this system is
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Part (b) Since H does not depend explicitly on time, we seek a solution of the form
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which, when plugged into the Hamilton-Jacobi equation gives
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The separation constant « is equal to the Hamiltonian, and thus the total energy of the system.

Part (¢) Solving for %—V(‘I/ yields
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which we can integrate to obtain W (up to an irrelevant constant)
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Hamilton’s principal function is then
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Since % = (3, where  is constant, we have

p= 05 VRt
oo k
Solving for ¢ then yields
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And, since p = %, we have

b= = Ve k) = k(3 +1)

where the last equality is obtained by plugging in the above expression for g.

Part (d) From the initial conditions ¢(0) = go and p(0) = 0 we have
p(0)=0=k3=03=0
and
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Thus the solution is
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Of course all we’ve done here is solved for the motion of a uniformly accelerating object and obtained the usual %at2

expression.



