PHY5246
Midterm 1: Solution

Problem 1.

Part (a)
Expressing the position vector of the mass in terms of the generalized coordinates we have

7= (xcosa+Isinh)i — (zsina + [ cos )]
The velocity is then
7= (icosa + Bl cos0)i — (i sina — flsin0)]
and the kinetic energy is

T= imfg = im(sb2 + 6212 + 261 cos(a + )

The potential energy (up to an irrelevant constant) is
V =—mg(zsina+1cosh)
and so the Lagrangian is
. 1 . .
L=T-V=_mi = im(x'Q + 6217 + 230l cos(a + 6)) + mg(zsin a + [ cos 6)

Part (b)

oL g
Pe = 5o = m(z + 0l cos(a + 0))

po = g—z = m(0l + il cos(a + 0))

Py is conserved if o = 0.

(7)

Part (¢) Constraints have no explicit time dependence and there is no velocity dependent potential, so h is equal to

the total energy. There is no explicit time dependence in L so h is conserved.

Problem 2.

Part (a) The kinetic energy of the two masses is

1 . 1
T = —my (2 + r262) + —myi?
2 2
and the potential energy is

V = meogr

Thus the Lagrangian is
_1 .2 242y | L 9
L= 2m1(r +r°0 )+2m27’ mogr

Part (b) Finding the Euler-Lagrange equations we compute

LN _ i
%E = (m mo)r



and
13 .
27 = myr6? — mag (12)
Thus, the Euler-Lagrange equation for r is
= (m1 +me)i = myrf? — mag (13)
6 is cyclic so
oL 9
— =myred =1 14
o~ (149

is conserved.
Eliminating 6 from these equations gives the following effective 1D equation for the radial coordinate,

l2

(m1 +ma)it = — mag (15)

myrs

Part (c)
Multiplying both sides of (15) by 7 and integrating over time yields

/(m1 + mg)irdt = / (ml;?) — ng) rdt (16)
/(ml + mg)idi = / (ml127‘3 - mgg) dr (17)

and, finally,

l2

5 (m1 4 ma)r? =

where the integration constant F is the total energy of the system.

Part (d)
For a circular orbit,

v

=0 = myrof? =my - = mag (19)
0
where vy = 700 is the speed of the particle, so
= v = Togmsa (20)
my
Part (e)
Let y = r — rg. Then, Taylor expanding, we have
.. ? 2 3 2
(m1+ma)ij = =3——y+ O(y") = ——magy + O(y") (21)
miry To

where we have used the fact that [2/(my73) = mag. For small oscillations we keep only linear terms and this equation

describes a harmonic oscillator with angular frequency

W [ B9me (22)
ro(m1 + m2)

Part (f)



The period of small oscillations is

and the period of the orbit is

The ratio is therefore

Tosc = =27 (23)
3gm2
2
Torbit — o =2m ro (24)
Vo mag
Tose _  [M1t M2 (25)



