PHY5246
Midterm 2: Solution

Problem 1.

Part (a)

From symmetry the x, y and z axes are the principal axes. The principal moments of inertia are then
I, = 2ma® (1)
I, = 2m(2a)* = 8ma? (2)
I.. = 2ma® + 2m(2a)? = 10ma® (3)

Part (b) The kinetic energy is

T= }(I w2+ Iyw2+1,,02) = L oma? | —= 2 + 8ma? - 2 = 1E)mazwz (4)
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Since T = %I(f)w? we can simply read off the moment of inertia about the (1,1,0)/v/2 axis passing through the
center of mass

IC]\/[ = 5ma2 (5)
Part (c) The parallel-axis theorem states that
I'=1Icy +MR? (6)

where M = 4m is the total mass of the body and R = a/+/2 is the perpendicular distance between the two axes.

2
= I' = 5ma® + 4m (\jﬁ) = Tma® (7)

Problem 2.

Part (a) To find the translational contribution to the kinetic energy of the system we need the position of the center
of mass of the bar

Fom = (z + Lsin0)i — I cos Ok (8)
from which we can find its velocity
Fom = (& + 10 cos 0)i + 16 sin Ok (9)
and so
1 -2 1 .92 - A 292
Tirans = 3 M em = im(m + 226l cos 0 + 1°6°) (10)
The rotational kinetic energy is
1. 1/1
Trot = =160% = — [ =mi* | 6* 11

and the total kinetic energy is

1 . 4 ..
T = Thrans + Trot = §m(i:2 + 260l cos O + g12192) (12)



The potential energy of the system is
L 9
V= §k$ — mgl cosf
and so the Lagrangian is
Lo .o Ny, dosoy 1, o
L=T-V= im(x + 20l cos 0 + gl 6%) — 5](1.1‘ + mgl cos 0
Part (b) The kinetic energy of the system can be written
1. m  milcosf z
T= 5(1:,9) <mlcos€ %le ) ( 9)
and the potential energy can be written
oo 1 2 4
V = —mgl+ §kx + §mgl9 +0(6%)
1 k 0 x 4
—mgl + 5(:5,0) ( 0 mgl) (0 ) +0(6%)

The T matrix is found be setting 6 = 0 (the equilibrium value) in the matrix in (15)
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E 0
V<0 mgl)

Part (c) To find the eigenfrequencies we solve the secular equation

and the V matrix is

det(V—)\T):det(k)\m —Am ):0

—Aml mgl — )\%ml2

(k — Am)(mgl — A%le) —N2m2l? =0
(k—xm)(g — /\gl) —A2ml =0

1 4
gmu? — AMmg + ng) +kg=0

mg + 4kl + \/(mg + 3K0)2 — dmikg

2
gml

(13)

(15)



