PHY5246
Midterm 2: Solution

Problem 1.
Part (a) The rotational kinetic energy of the two bars about their centers of mass is
T = 3 (55 ML?) (6% + 63)
212
and the translational kinetic energy of the centers of mass is
Trpans. = 5 M(2 (07 +63)

so the total kinetic energy of the system is

T= TRot. + Trrans. = i(gMLZ)(G% + 9%)

The total potential energy of the system is the sum of the gravitational and spring potential energies

L 1
V= —Mgg(cos 01 + cos ) + §k(a — \/LQ(COS 01 — cos02)% + (a + Lsinf; — Lsinf,)?2)?

Part (b) The T matrix is easily seen to be

1. ,/10
T = ML (0 1)

and expanding V to second order in 6; and 6, yields
1 MgL 1
V ~ Const. + §Tg(0f +02) + §kL2(91 —0,)?

from which we find the V matrix is

v [ MgLj2+kL?  —kL?
—kL?  MgL/2+ kL?
Part (c¢) The secular equation is
ot [ MIL/2+ kL = AML?/3 —kL? o
¢ —kL? MgL/2 + kL? = AML?/3 ) —

(MgL/2+ kL* = AML?/3)* — (kL*)?> =0
for which the solutions are

3g 3k 3k
= — R ji —_
ASor Tt

Next we find the corresponding (unnormalized) eigenvectors

3 1 -1
w%:Alzy?:(—l 1 )31:0
(1)
= a; = 1

39 6k (11
u’gz’\2:2g+M:><1 1)32:0
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Part (d) The general solution is then

(50 < (Vo it a1 Yenp-ic)

Applying the initial conditions at t = 0 we have

(60 ) =7 (3) 2 (4)) = (5)

which implies

and

which gives

wilm ¢ +walm cog =

Re c1 + Re co
Re ¢1 — Re ¢

widm ¢ — walm co

Reci =Recy;=0

Y Q
L = i— =1——
YT 2w 2 /3¢/2L
- Q Q
Cy = 1— =1
2wy 24/3g/2L + 6k/m
Thus we have
.(t)\ _ Q. 1 Q 1
(92(15)) —ﬂsmwlt 1 +2—msmw2t 1

Problem 2.

Part (a) The principal moments of inertia of the disk are

R 27
M 1
I3 = d do—;r* = ~MR?
33 /Orr/o 7TR2T 3 R

R 2 M 1
I, = 122:/0 rdT/O dGW—RZ(TCOSH)QZ ZMR2

Part (b)

L = (Liwy, Iows, T3ws)

Part (c)

1
ZMRQw (0, cos a, 2 sin o)

(28)



1 1 1
T= i(hlw% + Iopw? + I3303) = gMchu2 (sin® @ + 2cos® a) = gMR2w2 (14 cos® )
Since T' = $1(R)w? where I(7) is the moment of inertia about an axis parallel to &, we have
. 1 2 2
I(n) = ZMR (14 cos® @)

Part (d) Since for the disk I; = Iy and I5 = 2I; Euler’s equations become

) (I - I7) )
w3 = Iiw1w2:0$w3:0:>w3:wcosa
3
and
) (I2 — I3)
W) = ———W3W2 = —WCOS W2
L
: Is -1
Wy = W3 W1 = W COS w1y
I
These two equations can be combined to give
Wy = —w? cos® a wo

for which the solution is (using the initial condition that wy = wsina at ¢ = 0)
we = wsina cos(t w cos a)

and

w2 : :
wp = = —wsina sin(t wcos a)
wcos &

= J(t) =w (—sina sin(t wcosa),sina cos(t wcos a), cos @)
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