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Midterm 2: Solution
Problem 1.
Part (a) The principal moments of inertia of the tile are
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Part (b)

- 1
L = (Lwy, Ihws, Isws) = EMLQw (0, —sin 6, 2 cos )

Part (c) Since the components of L in the body system are constant, (d—i> = 0. The torque is then
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Problem 2.

Part (a) By the parallel-axis theorem, the moment of inertia of the hoop about the pivot point is
Thoop = mR* + mR* = 2mR?
The kinetic energy of the hoop is therefore
Thoop = mR26?
The position of the bead, in terms of  and ¢ is
7= —R((cos § + cos ¢)i + (sin f + sin ¢)7)
and so the velocity of the bead is
7= —R(—(0sin 0 + ¢sin ¢)i + (6 cos 6 + ¢ cos B)7)
and its kinetic energy is
1 .
Thead = imfg
= %mR2 (0% 4 2 + 20¢(cos 0 cos ¢ + sin fsin ¢))
= %mR2(9.2 + ¢ + 20¢ cos(0 — ¢))

The total kinetic energy is therefore

1 . . ..
T = Thoop + Thead = §mRz(392 + ¢* + 20¢ cos(0 — ¢))



The potential energy of the hoop is Vipep = —mgR cos 8 and the potential energy of the bead is Vieqq = —mgR(cos 6+

cos ¢) so the total potential energy is
V' = Vhoop + Vheada = —mgR(2cos§ + cos ¢)

Part (b) We express the kinetic energy as

T— %mm(é, 9) < COS(93_ &) COS(el_ K ) < 55 >

Setting 0 and ¢ to their equilibrium values (6 = ¢ = 0) we see the T matrix is

_ 5( 31
T =mR (1 1)

and, expanding V to second order in 6 and ¢ yields
1 2 2
V ~ Const. + §ng(29 + ¢%)

so the V matrix is

20
V:ng(O 1)

Part (c) The secular equation is det(V — AT) = 0. Dividing through by mgR and rescaling A so that w? = A

have

2-3\ -\
det< _ 1_)\>:O
(2-3N)(1—-X)—-X=0

222 —50+2=0

_5+£,25-16  5+3

A 4 4

1
= )\1:2,/\225

Next we find the corresponding (unnormalized) eigenvectors
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and

Part (d) The general solution is
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Applying the initial conditions at t = 0 we have

which implies
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which gives

and so

Thus we have
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