PHY5246
Midterm 2: Solution

1.
(a) The zy and yz planes passing through the point O are symmetry planes so the z and z axes are principal axes.
The third principal axis must be orthogonal to both z and x, and thus is the y axis.

A= /dy/yy/; (1)

so its density is M/(h?/2). The moments of inertia about the x, y and z axes are then

(b) The area of the triangle is
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(c) The angular velocity vector & is parallel to the vector (1,2,0). Thus, if the magnitude of the angular velocity is
w, the angular velocity vector is

=w(1,2,0)/V/5. (5)
The angular momentum is then

V5

L= (Lywg, Lywy, Lw.) = %Mh2(6, 1,0), (6)
and the rotational kinetic energy is
T = %(Imwi + Iw, + Lw?) (7)
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= %Mh%z. (10)

(d) By symmetry the z and z coordinates of the center of mass are 0. To find the y coordinate of the center of mass,
Yem, We must integrate over the body to obtain
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(e) By the same symmetry reasons given in Part (a), the principal axes about the center of mass are the z, y and
z axes. However, the z and z axes passing through the center of mass are each displaced from the corresponding
axes passing through the point O by a perpendicular distance of 2h/3. The y axis passing through the point O also
passes through the center of mass.

Applying the parallel axis theorem then yields the principal moments of inertia about the center of mass (denoted
1),
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(f) The principal axis corresponding to the intermediate moment of inertia is the x axis, so this is the unstable axis.

2.
(a) The center of mass of the rod is at

—

Tem = é(cos 6,sin0),

so the translational kinetic energy of the rod is
1 11\,
Tirans. = 5mf§m =gm () 62,

The rotational kinetic energy of the rod about its center of mass is

1., 1/1 .
Tror. = =160% = = | —mi? ) 62,
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and so the total kinetic energy of the rod is
1 .
T= Ttrans. + Trot. = 6m1292.
(b) The potential energy of the rod is
l
V= mgs sin 6,

and so the Lagrangian is

L 950 L.

L=T-V= Eml 0 —mgismﬁ.

(¢) The Euler-Lagrange equation for 6 is found in the usual way.
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1 5 l
= gml 0= —mgy cos 0.

(d) The total energy (which is equal to h and is conserved for this problem) is

1 o, 1
h=T+V = 6mm)2 + 5mglsin.

Given the initial condition that § = 0 when 6 = 6, we then have

1 . 1 1
6m1292 + imgl sinf = §mgl sin 6.

When the rod hits the floor § = 0 and, solving for 0, we find

9:—1/3%sin90.

(We choose the minus sign because 6 is clearly decreasing just before it hits the floor.)
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