Intermediate Mechanics - PHY 3221 Name:
Midterm II — Apr. 11, 2005

Show all work to receive full credit
1. (10 pts) A thick spherical shell with uniform density has total mass M,

inner radius a and outer radius b (see figure). Let r be the distance

from the center of the shell.

(a) What is the gravitational field due to the shell when r > b7

The essential idea for this problem is that the gravitational field g at a distance
r from the center of a spherically symmetric mass distribution is given by § =

—(GMipnsige/72)é, where Miygiqe is the total mass inside a sphere of radius .
For Part (a), all the mass of the shell is inside this sphere, and so
GM |
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(b) What is the gravitational field due to the shell when a < r < b?

To find M;,siqe for this case note that the total volume of the shell is V = %7?(53 —a?),

so the density is

M
P= 7T 732  au
%W(b?’ —a?)

and, since the volume of the shell that’s inside a sphere of radius r is %7‘(‘(7”3 —a?),

4 M r3—ad
Minsiezf 5 _a? — = M-—.
¢ SW(T ¢ )gw(b3 —a?) b3 — a?
Thus
~ GM r3 —a3 . GM a’\ .
I= " 3% s\ 2

(c) What is the gravitational field due to the shell when r < a?

In this case My, siqe = 0 and

Q
I
(@)



2. (10 pts) Consider a thin rod of mass M and length L. The point P lies on the same axis
as the rod at a distance d from the center of the rod, (see figure).
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(a) Find the gravitational potential due to the rod at the point P.
The potential at the point P is
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where

dm:%dx and r=d-—=x
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(b) Find the gravitational field due to the rod at the point P.

To find the gravitational field we take the gradient of ®, with the result

. O dd | GM ( -2 2 ) .
= — = —e = P
g dd™"~ L \L—-2d L+2d)"
which can be simplified to give
L AGM
I= 2™

(c) In the limit that d > L what is the leading contribution to the gravitational field due
to the rod at the point P?
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3. (10 pts) Pluto orbits the sun in an elliptical orbit with eccentricity ¢ = 0.25. The distance
of Pluto from the sun at perihelion (closest approach) is 4.4 x 10" m. Newton’s constant

is G = 6.67 x 107 N m?/kg? and the mass of the sun is 2.0 x 10*° kg.

(a) What is the distance of Pluto from the sun at aphelion (the point in the orbit which is

furthest from the sun)?

Pluto’s orbit is a conic section described by the equation,

«Q
—=1l+¢eccos=r=——"—
r 1+ ecosf

from which it follows that distances of Pluto from the sun at perihelion (rp,) and
aphelion (Tyq.) are

« «
Tmazx

Tmin = ) = :
1+¢ 1—¢
Thus we have

1 +e 140.25 - b
maxr — T Imin — —44 10 =7.3 10
" 1—c 1—o025 0 m x0T m

(b) What is the period of Pluto’s orbit?

The easiest way to do this problem is to use the fact that Kepler’s third law implies

7 o a®. Thus, if 7, and 7. are the orbtial periods, and a, and a. are the semimagjor

axes, of Pluto and the FEarth, respectively, then
T <ap>3/2
e \de

T'maz + T'min
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We know that
a, = =5.85x 10 m
and

a. = 1.5 x 10" m

(This is the radius of earth’s orbit, which is equal to the semimajor azis because the

orbit is approzimately circular). Thus we have

7, _ (5853 10\
7.\ 1.5 x 101 -

and

T, =~ 240 years



(c) What is the velocity of Pluto at perihelion? (Hint: Use the fact that the total energy

of an elliptical orbit depends only on its semimajor axis.)

The total energy of an orbit with semimajor azis a is E = —k/(2a). Thus, if v is the

velocity at perihelion, we have,

k k 1 k
E:——:—izfm’lj2—
2a Tmin T Tmaz 2 T'min
from which we find
1 min min max max
Lo? — k T B T +7r _ T
2 Tmin(rmin + Tmzzr) rmm(rmin + Tma:s) Tmin<rmin + Tmaz)
and, finally,
2k T'max
V= —

m Tmin (rmin + Tmax)

and since k = GMm, where M is the mass of the sun,

v = \/2GM Tz
rmin(ﬁnin + Tmax)

= \12(6.67 x 10~ Nm2 /kg?)(2.0 x 1030 kg)

7.3 x 1012 m
(4.4 x 1012 m)(11.7 x 102 m)

= 6.2 x 10° m/s



