PHY5524
Problem Set 6: Solution

Problem 1
(a) The partition function for a single water molecule modeled by the given “rigid rotor” Hamiltonian is
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The first integral (over 7 and p) gives the familiar V (2rmkpT/h?)3/2 factor. To do the integration over 6, ¢, py and
Py We can make the change of variables p;) = py/sinb to obtain
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Thus we have
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For N water molecules the partition function is
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And the Helmholtz free energy is
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which, after applying Stirling’s approximation, becomes
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The pressure is then
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from which we see, with no surprise, that the ideal gas law is PV = NkgT is satisfied.
To find the dielectric constant of steam we first need to compute the electric polarization density Py (not to be
confused with pressure!). It is readily seen that
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where = uF and L(x) = cothz — + is the Langevin function.



For < 1 we showed in class that L(z) ~ /3. Thus, in this limit, the polarization is given by
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The electric displacement is then (using cgs units)
DoErarp— (144X VE—ep (14)
= e = m— = €
0 V 3kpT
from which we see the dielectric constant € is
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Using the ideal gas law we can express the dielectric constant as a function of pressure and temperature only,
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At 1 atm (P ~ 105dynes/em?) and 100 C (=373 K) we find
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which agrees well with the observed value.

Problem 2

(a) If a(T) is the partition function for a single adsorbed molecule on a particular site, then the partition function for
N molecules adsorbed on a surface with a total of Ny adsorbent sites is simply a(T)" times the number of distinct
configurations of the N adsorbed molecules on Ny sites. Since the molecules are indistinguishable, this combinatoric
factor is simply Ny choose N and so @ is given by
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(b) Given Qpy, the grand partition function is given by
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where we have used the binomial theorem. Here z = e#/*5T is the fugacity.
The grant potential of the surface is then
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(c) Given ¥ we can determine the number of adsorbed molecules N as follows
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The covering fraction © is then

N za(T)
No 1+ za(T) (26)
(d) As shown in class, the grand partition function for an ideal gas is
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and the grand potential is
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where Q1 = V f(T).
(e) The number of particles in the gas is then
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so the fugacity of the gas is
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where we have used the ideal gas law. Alternatively we can compute the pressure,
ox
P=—-|— =kpTzf(T 1
(5), =wsr=sm) (31)
N
and, solving for z, directly obtain the same result
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(f) Setting the fugacities of the gas and surface equal we obtain the following general expression for the covering
fraction as a function of pressure and temperature,
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If we now consider the special case of having a single energy level with energy —e associated with each adsorbed
molecule so that a(T) = e/*37 and treat the gas as monatomic so that f(T) = (2xmkpT/h?)3/? we obtain the
following expression for ©,
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We see that in the limit of high pressure © — 1, as we would expect. Likewise in the limit of low pressure © — 0.
The characteristic pressure which defines the crossover is
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Finally, if we fix P and take € to be very large (so that the energy binding atoms to the adsorbent surface is large)
we see that © ~ 1.
(g) If we model the adsorbed molecules assuming that, in addition to the binding energy ¢, they act as quantized
Harmonic oscillators then the only thing that changes is that a(T') is given by the following expression
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This will alter the “crossover pressure” at a given temperature, but it will still be the case that the covering fraction
goes to 1 in the high pressure limit, and goes to 0 in the low pressure limit.

Problem 3
The partition function for a single particle in this gas is
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and the partition function for N indistinguishable noninteracting particles is
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The grand partition function is then
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with fges(T) = (27rmk'BT/h2)3/2 and fspin (T, H) = 2cosh uH/kpT. Note that all of the H dependence is in fepr.
The grand potential is then
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from which we can find that the number of particles is
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The magnetization is
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with all the H dependence appearing in fspin, we have
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This is the familiar result for the magnetization of spin-1/2 particles in a magnetic field.



There are several ways to compute the entropy. One way is to first obtain the Helmholtz free energy as a function
of N,V and T,
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The entropy is then
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Note that f(T') enters the entropy only inside the In function. Since f(T') = fideal gas(T) X fopin—1/2(T) we readily
see that
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where the second term is Sspi, the contribution to the entropy due to the spin-1/2 degrees of freedom of the atoms
forming the gas. Since all of the H dependence of the entropy is in this second term, the change in entropy if H is
reduced to zero while keeping N, T" and V fixed is
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The heat absorbed by the gas is then
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which, for ugH > kpT is
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Note that in doing this problem it is crucial to obtain the entropy S as a function of N, T and V. If one calculates
the change in entropy keeping the chemical potential u fixed, rather than the number of particles N, one gets the
wrong answer. This is because the chemical potential depends on H.

Provided any explicit dependence of S on the chemical potential is eliminated (using z = N/(V f(T))), we would
have obtained the same result (i.e. Eq. (52) for S) using
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