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1. (a) The grand partition function for a gas of photons is

Z =
∏
k,s

1

1− e−βh̄c|~k|
(1)

and so the grand potential is

Σ = −kBT lnZ = kBT
∑
k,s

ln(1− e−βh̄ck) = kBT

∫ ∞

0
dωa(ω) ln(1− e−βh̄ω) (2)

where a(ω) = V ω2/(π2c3) (as given in the problem).

(b) Making the change of variables y = βh̄ω we find that

Σ = kBT
V

π2c3

(
kBT

h̄

)3 ∫ ∞

0
dyy2 ln(1− e−y) (3)

from which we see that Σ ∝ V T 4 and so α = 4.

(c) Since S = −(∂Σ/∂T )µ,V it follows that S ∝ V T 3 and so β = 3.

(d) For adiabatic processes we see from Part (c) that V T 3 = Const. It follows that

Vf = Vi
T 3

i

T 3
f

= 109Vi (4)

2. (a) If the Fermi wave vector is kF than the total number of particles is

N =
L

(2π)
2kF (5)

It follows that kF = πn where n = N/L. The Fermi energy is then

EF =
h̄2π2n2

2m
(6)

(b) We find the density of states as follows

a(E) = 2L

∫ +∞

−∞

dk

2π
δ(E − h̄2k2/(2m)) =

2L

π

1

(h̄2/2m)(
√

2mE/h̄2)
=

2L

π

√
2m

h̄2

1√
E

(7)

(c) Since the density of states has the form a(E) = CE−1/2 it follows that

N =
∫ EF

0
a(E)dE = C 2EF 1/2 (8)

and

E =
∫ EF

0
a(E)EdE = C

2
3
EF 3/2 (9)



Thus we have

E =
1
3
NEF (10)

and so q = 1/3.

(d) Using the results of Parts (a) & (c) we find that E ∝ N3/L2. It follows that at T = 0 the

pressure is P = −(∂E/∂L) ∝ n3, and so α = 3.

3. At Tc, we know that in the thermodynamic limit z = 1 and N0/V = 0. Thus for the given

density of states we have

n =
N

V
= g

∫ ∞

0
dE Eν

eβE − 1
(11)

Letting y = βE we find

n = g(kBTc)ν+1
∫ ∞

0
dy

yν

ey − 1
(12)

If ν > 0 the integral over y converges and is just a dimensionless number. It follows that Tc ∝

n1/(ν+1)

2


