PHY5524
Problem Set 3: Solution

Problem 1
This problem is based on the following expression for entropy (the Shannon entropy),

S =—kp Zpr Inp,.. (1)

(a) To maximize S subject to the constraint that > p, =1 we introduce a Lagrange multiplier A and extremize the
quantity ' =S5 - XX, pr — 1), ie.

§'=—kp Y prlp = AQ_pr—1) (2)

Thus we require
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from which we find
pr = e MFETl = Const. (4)

This results shows that, in this case, the value of p, is independent of r. As usual, the value of the Lagrange multiplier
A (which determines the value of p,) is found be requiring the constraint be satisfied (in this case ) p, = 1). Here
this implies that
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where € is the total number of microstates.

(b) Now we add the constraint that (E) =), E,p, = E. To do this we must introduce a second Lagrange multiplier,
v, and extremize the following quantity

S = —kp Zprlin_)‘(Zpr_l) _’Y(ZE'PPT—E) (6)

Thus we require
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= —kg(lnp, +1)—AX—~E, =0 7
o5, p(Inp, +1) gl (7)
from which we find
Dy = e~ Nks=vE, [k _ 1p—BE; 8)

where 8 = v/kp.
(c) Finally we add a third constraint, that N = > N,p,. To do this we add a third lagrange multiplier p, and
extremize

S'=-kp Y pelnp. = A _pr—1) =7 Ewpr— E) = p(d_E.N, — N) 9)

Thus we require

oS’
op = —kp(lnp, +1) = A = yE, — pN,, =0 (10)
from which we find
pr = e—A/k}B—VET/kB—er/k)B — Ce—ﬁ(E,,«—u,N,«) (11)

where 8 = v/kp and p = —p/T.



Problem 2

The specific heat at constant pressure is defined to be C), = T'(9S/9T)p. If we are given S as a function of V' and
T, we can obtain S as a function of P and T' by solving the equation of state relating P, V and T to find V = V(P,T).
We then have

S(T,P)=S(T,V(P,T)) (12)

from which, using the chain rule, we find

(or), = (@), (@), (o), w
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which yields the following expression for Cp, — C,,

Thus we have
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Next, using the general result (valid for any three variables related by a single equation — in this case the equation
of state P = P(V,T))
ov orT OP
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we have
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Finally, using the Maxwell relation
85) <5‘P>
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we find
P 2
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This expression is useful for finding C, — C,, if we are given P as a function of V" and T', and this is precisely what we
find using the canonical ensemble:

Plugging this expression for P into the above expression for C}, — C, yields the desired result.
To prove that C, — C,, > 0 we need only show that

),



This follows from the fact that for a system with fixed 7" and V' the Helmholtz free energy A = E —T'S is minimized.
To see this imagine we have a gas divided into two equal volumes V. The total free energy of the gas would then be
2A(T,V).

Now, if one half of the gas were spontaneously to contract by an amount AV while the other half expanded by AV
so that the total volume remained fixed then the free energy would be A(T,V + AV) + A(T,V — AV). If the gas is in
equilibrium (which we are assuming to be the case) it must be stable against the formation of such an inhomogeneous
state. Thus it must be the case that

AT,V +AV)+ AT,V — AV) > 2A(T,V) (23)
which implies that
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and using the fact that (%) o, = —P this implies that
oP
— ) <0 25
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Finally, for an ideal gas
1 2rmkpT \ N/
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and
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(i.e. just the ideal gas law). We then have
P N
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and
8P) NkgT
— | =- (31)
<8V T V2
Plugging this into our expression for C}, — C,, we find
(2=)’
Cp—Cy=-T¥ "~ =Nkp (32)
BT
which is, of course, the correct result.
Problem 3
The partition function for a classical massless relativistic particle with F = pc, where p is the momentum, confined
to a volume V is
d3r &3
@ = [ e (33)
V > 2 —Bpc
= ﬁllﬂ'/o p-dpe™"P (34)
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The partition function for N such (indistinguishable & noninteracting) particles is then

1 1 ksT\® "

The Helmholtz Free energy is easily found to be
A = —kpThQN(V,T)
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Using Stirling’s approximation In N! ~ NIn N — N we then find
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Given the Helmholtz free energy we can find the pressure

p_ (94 _ NksT
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and so we see this gas obeys the ideal gas law

PV = NEkgT
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E = 7%111@1\/ :3NkBT

Likewise we can find the entropy

and the internal energy

Note: we can also find E using the above expressions for A and S and the fact that £ = A+ TS,

E=A+4+TS=3NkgT
Combining this with the ideal gas law we find that for this gas
E =3PV

Finally the specific heat at constant volume is

a8 o
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and the specific heat at constant pressure is
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Thus the ratio C, to C, is

v=0C,/C, =4/3.



