Physics 5492
Condensed Matter Physics 11
Problem Set 5
Due: Thu, April 2, 2009

5.1 The Bogoliubov transformation has the form

Tko = UkCkt — UkCT_k 1
Yk1 = UkC—k| + UkCTkT
Mo = Upclk — vk
’Yle = Ulicik | T UkCki

where CLU and ¢y, are creation and annihilation operators for plane wave states (or

Bloch states) with wave vector k and spin o.

(a) Show that if |uk|®> + |vk|*> = 1 then the 7 operators satisfy the usual Fermi
anticommutation relations

{’Ykl“ ’)/11;/7//} = 5k7k,5HaH,’ {’ylt;u /ylt/u’} = 0, and {’)/ku, ’Yk/ul} = 0

(b) Verify the inverse transformation

aq = Upmeo + Uk
Cokl =~V T U
di = wlo + vima
CT—kL = _UlinO‘f'Uk%tr

(c) Apply this transformation to Eq. (3.41) in Tinkham and verify Eq. (3.43).
(d) Show that if
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luk|” = 5 <1 + Ek) and  |ug|” = 5 <1 Ek>

then Eq. (3.45) is true. In doing this you may assume (though it is not necessary)
that uy and vy are real.

5.2 Consider the Ginzburg-Landau expression for the free energy density
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(a) Show that if ¢(r) is taken to be constant and o < 0 and § > 0 then the free
energy is minimized when ¢ = 1)y where
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and the corresponding minimum free energy density is
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(b) By setting the free energy gain obtained in (a) equal to the energy density of
a uniform magnetic field obtain an expression for the thermodynamic critical
field H.. Then, using the fact that the London penetration depth A and the
Ginzburg-Landau coherence length £ are defined by the relations
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derive the following relationship between H,., & and A,
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Recall that minimizing the Ginzburg-Landau free energy leads to the following equa-
tion for the order parameter,

1 (h e\’ 9
(.V—CA) Y+ oy + BlY[FyY = 0. (1)
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Imagine that a superconductor described by this equation is placed in a uniform
magnetic field H=V x A.

(c) Assume that |1|/|¢s] < 1 and linearize (1). Show that the resulting equation for
1 is the usual Schrodinger equation for a three-dimensional charged particle in
a magnetic field. What plays the role of the energy eigenvalue in this equation?

(d) We can define H., to be the largest magnetic field for which the equation you
found in (c) has a well-behaved solution, i.e., a solution for which |¢(r)| does
not diverge as r — oo. (You should justify this condition, as well as the use of
the linearized form of (1)). Using what you know about the energy levels of a
charged particle in a magnetic field show that

Coome?’

Hc2

For what value of the Ginzburg-Landau parameter x does He = H.?



5.3 Consider a Josephson junction of finite width L with a uniform magnetic field in
the insulating oxide layer, as shown below. In the upper superconductor, beyond the
penetration depth which for simplicity we take here to be zero, the Ginzburg-Landau
order parameter can be written ¢, (x) = 1pe'®**%+) where vy and ¢, are constant.
Likewise, in the lower superconductor the Ginzburg-Landau order parameter can be
written ¢_(z) = el —orTo-),
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(a) Determine « in terms of the magnetic field H. In the line integrals you will have
to consider to do this you may neglect the contribution of the path parallel to
z at the ends.

(b) Determine the maximum DC supercurrent J;(H) which the junction can pass
as a function of the field H. You will need to define a Josephson parameter per
unit length 7; such that

L2 _
J1(0) = [L 2]1d$ = Lj;

and the current density at any point in the junction is proportional to j; times
the sine of the phase difference between v, and _ at that point.

(c) Write J1(H) as a function of the number (which need not be integer) of flux
quanta in the junction and sketch the result. Is there an optical analog of this
effect?

(Note: In a real junction, the penetration depth will ordinarily be much greater than
the oxide thickness and ¢ should be replaced by a distance of the order of twice the
penetration depth.)



